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Abstract
Investigating the stability of the Wigner equation where the class of its approximate solutions is
defined by the inequality∣∣∣∣〈f (x)|f (y)〉∣∣− |〈x|y〉|∣∣  ε‖x‖p‖y‖p, x, y ∈E (E \ {0} for p < 0)
(for E,F Hilbert spaces, f :E→ F , ε > 0, p ∈R) we notice that the results are different for p = 1.
We consider this case and its consequences for a conditional Wigner equation.
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1. Introduction
Let E and F be real or complex Hilbert spaces overK ∈ {R,C}. A mapping f :E→ F
is called an isometry if and only if ‖f (x)− f (y)‖ = ‖x − y‖ for all x, y ∈E. A mapping
f :E→ F is called inner product preserving if it satisfies the orthogonality equation
〈f (x)|f (y)〉 = 〈x|y〉 for x, y ∈E (O)
or, equivalently, if it is a linear isometry. Similarly, f :E→ F satisfies the equation
〈f (x)|f (y)〉 = 〈y|x〉 for x, y ∈E
if and only if it is a conjugate-linear isometry, i.e., an isometry such that f (λx + µy)=
λf (x) + µf (y) for x, y ∈ E and λ,µ ∈ K. Functions f,g : E → F are called phase-
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|σ(x)| = 1.
A functional equation∣∣〈f (x)|f (y)〉∣∣= |〈x|y〉| for x, y ∈E (W)
is called the Wigner equation (cf. [13]).
Theorem of Wigner (see, e.g., [11]). If f : E → F satisfies (W) then f is phase-
equivalent to a linear or a conjugate-linear isometry.
The stability of a functional equation (cf. [8,12]) means, roughly speaking, that an
approximate solution of the equation (i.e., a mapping which only approximately satisfies
the equation) is not far from an exact solution of the equation. It may happen that all ap-
proximate solutions are in fact exact solutions. Then we speak about superstability.
Considering the Cauchy equation f (x + y)= f (x)+ f (y) one may deal with the class
of its approximate solution defined by the functional inequality introduced by Rassias
(cf. [10]):∥∥f (x + y)− f (x)− f (y)∥∥ ε(‖x‖p + ‖y‖p).
It turns out (see [10], [7] and also [8]) that for p = 1 each solution of the above inequality
can be approximated by an additive function A in such a way that the inequality∥∥f (x)−A(x)∥∥ kε‖x‖p
holds, with a suitable k, on the whole domain (for p = 0 it coincides with the classical
Hyers–Ulam result). In other words, the stability of the Cauchy equation can be proved in
the case p = 1. On the other hand, it is no longer true for p= 1 (a suitably example can be
found in [7] or [8]). The case p = 1 becomes a singular one.
In the present paper we show that a similar phenomenon occurs when the problem of
the stability of the Wigner equation is considered.
2. Stability of the Wigner equation for p = 1
For given constants ε > 0 and p ∈R, let us consider the functional inequality∣∣∣∣〈f (x)|f (y)〉∣∣− |〈x|y〉|∣∣ ε‖x‖p‖y‖p, x, y ∈Ep, (p)
where Ep =E for p  0 and Ep =E \ {0} for p < 0.
Applying the results of papers [6] and [9] we show the following result.
Theorem 1. Let E and F be Hilbert spaces and let ε > 0 and p ∈ R \ {1} be fixed. Then
for a function f : E → F satisfying (p) there exists, a unique up to phase-equivalency,
function I :E→ F satisfying (W) and such that∥∥f (x)− I (x)∥∥√ε ‖x‖p, x ∈Ep. (1)
Moreover, if E = F =Rn (n ∈N) then any function f satisfying (p) must be a solution of
(W) on Ep . In the case p < 0 the function f need not satisfy (W) on E unless we assume
f (0)= 0.
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and [3] (superstability in Euclidean spaces).
In the proof we use the following results:
Theorem A [6, Theorem 1]. If f :E→ F satisfies∣∣∣∣〈f (x)|f (y)〉∣∣− |〈x|y〉|∣∣ ϕ(x, y) for x, y ∈D, (2)
where
D =
{ {x ∈E: ‖x‖ d} (with d  0) if 0 < c < 1,
{x ∈E: ‖x‖ d} (with d > 0) if c > 1
for a given constant 1 = c > 0 and with a function ϕ : E × E → [0,∞) satisfying the
property
lim
m+n→∞ c
m+nϕ(c−mx, c−ny)= 0 for all x, y ∈D, (3)
then there exists a unique (up to a phase-equivalent function) mapping I :E→ F satisfy-
ing the Wigner equation (W) and such that
‖f (x)− I (x)‖√ϕ(x, x) for all x ∈D.
Theorem B [9, Corollaries 15 and 16]. Let n 2, ε  0, D = {x ∈Rn: ‖x‖< d} (d > 0).
(1) If a function f :D→Rn satisfies, with p > 1,∣∣∣∣〈f (x)|f (y)〉∣∣− |〈x|y〉|∣∣ ε‖x‖p‖y‖p, x, y ∈D, (4)
then f satisfies∣∣〈f (x)|f (y)〉∣∣= |〈x|y〉|, x, y ∈D.
(2) If a function f : Rn \D→Rn satisfies, with p < 1,∣∣∣∣〈f (x)|f (y)〉∣∣− |〈x|y〉|∣∣ ε‖x‖p‖y‖p, x, y ∈Rn \D, (5)
then f satisfies∣∣〈f (x)|f (y)〉∣∣= |〈x|y〉|, x, y ∈Rn \D.
Proof of Theorem 1. Let us consider ϕ(x, y) := ε‖x‖p‖y‖p for x, y ∈ Ep and ϕ(x, y)
:= 0 if x = 0 or y = 0. Then, for x, y ∈Ep,
cm+nϕ(c−mx, c−ny)= εc(m+n)(1−p)‖x‖p‖y‖p for m,n ∈N.
Therefore, for 0 < c < 1 and p < 1 or c > 1 and p > 1, ϕ satisfies (3).
Consider three cases:
1. p > 1. Then for any d  0 and D = {x: ‖x‖ d} we can apply Theorem A.
Let Dn := {x ∈ E: ‖x‖  n} (n = 1,2, . . .). There exists a sequence (In)∞n=1 of solu-
tions of the Wigner equation such that∥∥In(x)− f (x)∥∥√ε‖x‖p, x ∈Dn. (6)
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I (x) := In(x)(x), where n(x) :=min{n ∈N: x ∈Dn}.
Let x, y ∈ E, then I (x) = In(x)(x) and I (y) = In(y)(y). Mappings In(x) and In(y) satisfy
(6) on Dn with n= min{n(x), n(y)} whence they are phase-equivalent. Thus there exists
σ ∈K such that |σ | = 1 and In(y)(y)= σIn(x)(y). Therefore∣∣〈I (x)|I (y)〉∣∣= ∣∣〈In(x)(x)|σIn(x)(y)〉∣∣= ∣∣〈In(x)(x)|In(x)(y)〉∣∣= |〈x|y〉|,
i.e., I satisfies (W). Inequality (1) follows from (6). The uniqueness of I follows from the
assertion of Theorem A.
2. 0  p < 1. Then we can apply Theorem A for any d  0 and D = {x: ‖x‖  d}.
Then it suffices to take d = 0 to get the assertion.
3. p < 0. In this case we can apply Theorem A for any d > 0 and D = {x: ‖x‖  d}.
Similarly as in the case 1 let Dn := {x ∈ E: ‖x‖  1/n} (n = 1,2, . . .). There exists a
sequence (In)∞n=1 of solutions of (W) such that∥∥In(x)− f (x)∥∥√ε‖x‖p, x ∈Dn. (7)
For x ∈E \ {0} we define
I (x) := In(x)(x), where n(x) :=min{n ∈N: x ∈Dn},
and
I (0) := 0.
Let x, y ∈Ep =E \{0}, then I (x)= In(x)(x) and I (y)= In(y)(y). As before we prove that
mappings In(x) and In(y) are phase-equivalent and therefore I satisfies (W). Inequality (1)
follows from (7). The uniqueness of I follows from the assertion of Theorem A.
Now, we proceed to the second assertion of the theorem. Let us start with the case n= 1.
Let f :R→R satisfy (p) with p < 1. For z ∈R \ {0} and k ∈N we have∣∣(f (kz))2 − (kz)2∣∣ εk2pz2p
whence∣∣∣∣
(
f (kz)
kz
)2
− 1
∣∣∣∣ εz2(p−1)k2(p−1)→ 0 (k→∞),
i.e., ∣∣∣∣f (kz)kz
∣∣∣∣→ 1 (k→∞). (8)
Now, let x ∈Rp , y ∈R \ {0} be arbitrarily fixed. From (p) we have, for k ∈N,∣∣|f (x)f (ky)| − |xky|∣∣ ε|x|p|ky|p
whence∣∣∣∣
∣∣∣∣f (x)f (ky)
∣∣∣∣− |x|
∣∣∣∣ ε|x|p|ky|p−1 → 0 (k→∞),ky
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|f (x)| = |x|.
If f :R→R satisfy (p) with p > 1 for z ∈R \ {0} and k ∈N we have∣∣(f (k−1z))2 − (k−1z)2∣∣ εk−2pz2p
whence∣∣∣∣
(
f (k−1z)
k−1z
)2
− 1
∣∣∣∣ εz2(p−1)k2(1−p)→ 0 (k→∞),
i.e., ∣∣∣∣f (k−1z)k−1z
∣∣∣∣→ 1 (k→∞). (9)
Now, for arbitrary x ∈R, y ∈R \ {0} and k ∈N we have∣∣∣∣
∣∣∣∣f (x)f (k−1y)k−1y
∣∣∣∣− |x|
∣∣∣∣ ε|x|p|k−1y|p−1 → 0 (k→∞),
i.e., because of (9),
|f (x)| = |x|.
Therefore |f (x)| = |x|, x ∈Rp , p = 1 and consequently
|f (x)f (y)| = |xy|.
For n 2 the proof relies on Theorem B. Let us fix x0, y0 ∈Ep and consider four cases:
1. p > 1. There exists d > 0 such that x0, y0 ∈ D = {x: ‖x‖ < d}. Inequality (p)
implies (4) whence f preserves the absolute value of the inner product on D. In particular,
|〈f (x0)|f (y0)〉| = |〈x0|y0〉|.
2. 0 < p < 1. From (p) we have f (0) = 0 whence for x0 = 0 or y0 = 0 we have
|〈f (x0)|f (y0)〉| = |〈x0|y0〉|. Now, let x0, y0 ∈E \{0}. There exists d > 0 such that x0, y0 ∈
Rn \ D. Inequality (p) implies (5) whence f preserves the absolute value of the inner
product on Rn \D. In particular, |〈f (x0)|f (y0)〉| = |〈x0|y0〉|.
3. For p = 0 the assertion coincides with the main result of [3].
4. p < 0. In this case Ep = E \ {0} which gives x0 = 0, y0 = 0. As in the case 2, for
some d > 0, we have x0, y0 ∈Rn \D. From (p) we get (5) which gives |〈f (x0)|f (y0)〉| =
|〈x0|y0〉|. ✷
The approximation (1) is sharp. One can see it from the following example.
Example 1. Let f : l2 → l2 be a mapping defined by
f (x) := (√ε‖x‖p, t1, t2, . . .) for x = (t1, t2, . . .) ∈ l2p.
Then f satisfies (p) and for an arbitrary solution I of (W) and for an arbitrary x0 ∈ l2
such that ‖x0‖ = 1 we have ‖I (x0)‖ = ‖x0‖ = 1 and ‖f (x0)‖ = 1+√ε. Therefore∥∥f (x0)− I (x0)∥∥ ∣∣‖f (x0)‖− ‖I (x0)‖∣∣=√ε =√ε‖x0‖p.
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an analogous result for the orthogonality equation.
Theorem 2. Let E and F be Hilbert spaces and let ε > 0 and p ∈ R \ {1} be fixed. Then
for a function f : E→ F satisfying∣∣〈f (x)|f (y)〉 − 〈x|y〉∣∣ ε‖x‖p‖y‖p, x, y ∈Ep, (10)
there exists a unique function I :E→ F satisfying (O) and such that∥∥f (x)− I (x)∥∥√ε‖x‖p, x ∈Ep.
Moreover, if E = F =Rn then any function f satisfying (10) must be a solution of (O) on
Ep (on E under the assumption f (0)= 0).
3. The singular case p = 1
We have proved, for p = 1, the stability of the Wigner equation and its superstability, in
finite-dimensional case. Now we proceed to the case p = 1. We are considering the class
of mappings f :E→ F satisfying the functional inequality∣∣∣∣〈f (x)|f (y)〉∣∣− |〈x|y〉|∣∣ ε‖x‖‖y‖, x, y ∈E. ()
The first observation is that in the case p = 1 there is no superstability (even in finite-
dimensional case). It can be seen from the following simple example.
Example 2. For arbitrary inner product spaces E and F let I : E → F be a solution of
(W). Then the mapping f :E→ F given by
f (x)=√1+ εI (x), x ∈E,
satisfies () but not (W) (as it does not preserve the norm).
The same function can serve as a counterexample to Corollaries 15 and 16 (as well as
19 and 20) from [9] in the case p = 1. We answer then the question which ends [9].
In the following proposition we show that without loss of generality one can assume
that approximate solutions of the Wigner equation are norm preserving.
Proposition 1. Let f :E→ F satisfies () (with 0 < ε < 1). Define
g(x) :=
{
f (x)‖x‖
‖f (x)‖ , x = 0,
0, x = 0.
Then:
(1) ||〈g(x)|g(y)〉| − |〈x|y〉|| 2ε‖x‖‖y‖, x, y ∈E;
(2) ‖g(x)‖ = ‖x‖, x ∈E;
(3) ‖f (x)− g(x)‖ (1−√1− ε)‖x‖, x ∈E.
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1− ε‖x‖ ‖f (x)‖√1+ ε ‖x‖ for x ∈E,
which yields∣∣‖f (x)‖− ‖x‖∣∣ (1−√1− ε )‖x‖ for x ∈E (11)
and ∣∣‖f (x)‖‖f (y)‖− ‖x‖‖y‖∣∣ ε‖x‖‖y‖ for x, y ∈E. (12)
Now, let x, y ∈E \ {0}. Then also f (x) = 0 and f (y) = 0. Using (12), we get
∣∣∣∣〈g(x)|g(y)〉∣∣− |〈x|y〉|∣∣= ∣∣∣∣ ‖x‖‖y‖‖f (x)‖‖f (y)‖
∣∣〈f (x)|f (y)〉∣∣− |〈x|y〉|∣∣∣∣

∣∣∣∣ ‖x‖‖y‖‖f (x)‖‖f (y)‖
∣∣〈f (x)|f (y)〉∣∣− ∣∣〈f (x)|f (y)〉∣∣∣∣∣∣+ ∣∣∣∣〈f (x)|f (y)〉∣∣− |〈x|y〉|∣∣

∣∣∣∣ ‖x‖‖y‖‖f (x)‖‖f (y)‖ − 1
∣∣∣∣‖f (x)‖‖f (y)‖+ ε‖x‖‖y‖

∣∣‖x‖‖y‖ − ‖f (x)‖‖f (y)‖∣∣+ ε‖x‖‖y‖ 2ε‖x‖‖y‖.
Obviously, the above inequality holds also for x = 0 or y = 0 which proves the first asser-
tion. The second one is obvious and the third relies on (11). ✷
For an arbitrary mapping f : E → F satisfying () and for any function I : E → F
satisfying (W) we have
‖f (x)‖√1+ ε ‖x‖ and ‖I (x)‖ = ‖x‖ for x ∈E,
therefore∥∥f (x)− I (x)∥∥ (1+√1+ ε )‖x‖, x ∈E. (13)
Choosing I less arbitrarily one can improve (13).
Proposition 2. For any mapping f :E→ F satisfying () there exists I :E→ F satisfying
(W) such that∥∥f (x)− I (x)∥∥√2+ ε‖x‖, x ∈E. (14)
Proof. Let us choose an arbitrary mapping J : E→ F satisfying (W). For a fixed x ∈E,
if Re〈f (x)|J (x)〉 0 we put I (x) := J (x); otherwise, we put I (x) := −J (x). Obviously,
I satisfies (W) and for all x ∈E we have Re〈f (x)|I (x)〉 0 which implies∥∥f (x)− I (x)∥∥2  ‖f (x)‖2 + ‖I (x)‖2  (2+ ε)‖x‖2. ✷
The above result does not prove stability (√2+ ε → 0 as ε → 0). What we would
like to know is whether for each solution f of () there exists a solution of the Wigner
equation I , such that∥∥f (x)− I (x)∥∥ δ(ε)‖x‖, x ∈E, (15)
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being solved. We are only able to consider some, very particular, cases. The following part
of this section is devoted to the one-dimensional case, i.e., where at least the domain is
one-dimensional. Two-dimensional case is a subject matter of the separate paper [5]. We
start with the simplest case.
Proposition 3. If f :K→K satisfies with 0 < ε < 1 the inequality∣∣|f (x)f (y)| − |xy|∣∣ ε|x||y|, x, y ∈K, (16)
then there exists, a unique up to phase-equivalency, mapping I : K→ K satisfying the
equation
|I (x)I (y)| = |xy|, x, y ∈K,
and such that∣∣f (x)− I (x)∣∣√ε|x|, x ∈K.
Proof. From (16) we have
√
1− ε|x| |f (x)|√1+ ε|x| (17)
whence, in particular, f (x)= 0⇔ x = 0. Define
I (x) := f (x)|x||f (x)| , x = 0, and I (0) := 0.
Then, obviously, |I (x)I (y)| = |xy| for x, y ∈ K. Let k(x) := f (x)/x , x = 0, and
k(0) := 1. Then f (x)= k(x)x , x ∈K, and from (17)
√
1− ε  |k(x)|√1+ ε, x ∈K,
whence ||k(x)| − 1|√ε, x ∈K. Finally, for x = 0
∣∣f (x)− I (x)∣∣= ∣∣∣∣ |f (x)||x| − 1
∣∣∣∣|x| = ∣∣|k(x)| − 1∣∣|x|√ε|x|
and obviously |f (0)− I (0)| = 0.
Two mappings I, J :K→K satisfying the assertion have to be phase-equivalent as we
have |I (x)| = |x| = |J (x)| for all x ∈K. ✷
Now, we slightly generalize the above result.
Theorem 3. If f : E→ F , where E andF are inner product spaces overK and dimE = 1,
satisfies () with 0 < ε < 1 then there exists a mapping I : E → F satisfying the Wigner
equation∣∣〈I (x)|I (y)〉∣∣= |〈x|y〉|, x, y ∈E,
and such that∥∥f (x)− I (x)∥∥ 2√ε‖x‖, x ∈E.
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for x ∈E. We have√
1− ε  ‖f (x0)‖
√
1+ ε.
For x ∈E we chose σ(x) ∈K such that |σ(x)| = 1 and
σ(x)
〈
f (x)
∣∣∣λ(x)f (x0)‖f (x0)‖
〉
 0.
Therefore,
Re
〈
f (x)
∣∣∣σ(x)λ(x)f (x0)‖f (x0)‖
〉
=
∣∣∣∣
〈
f (x)
∣∣∣σ(x)λ(x)f (x0)‖f (x0)‖
〉∣∣∣∣
= |λ(x)|‖f (x0)‖
∣∣〈f (x)|f (x0)〉∣∣ ‖x‖‖f (x0)‖
(‖x‖− ε‖x‖) 1− ε√
1+ ε ‖x‖
2
and hence
−2 Re
〈
f (x)
∣∣∣σ(x)λ(x)f (x0)‖f (x0)‖
〉
−2(1− ε)√
1+ ε ‖x‖
2. (18)
Now, define
I (x) := σ(x)λ(x)f (x0)‖f (x0)‖ , x ∈E.
It is easy to see that∣∣〈I (x)|I (y)〉∣∣= |λ(x)λ(y)| = |〈x|y〉|, x, y ∈E.
On the other hand, using (18) we show∥∥f (x)− I (x)∥∥2 = ‖f (x)‖2 +‖I (x)‖2 − 2 Re〈f (x)|I (x)〉
 (1+ ε)‖x‖2 +‖x‖2 − 2(1− ε)√
1+ ε ‖x‖
2,
whence
∥∥f (x)− I (x)∥∥
√
2+ ε − 2(1− ε)√
1+ ε ‖x‖ 2
√
ε‖x‖, x ∈E. ✷
There is no uniqueness of I in the above theorem. Indeed, we have the following exam-
ple.
Example 3. Let E = R, F = R2, K = R and let f (x) := (x,0) for x ∈ R. Obviously,
I1 ≡ f satisfies the assertion of the above theorem. So does the mapping
I2(x) :=
((
1− δ
2
2
)
x,
δ
√
4− δ2
2
x
)
with an arbitrary 0 < δ < 2. We have 〈I2(x)|I2(y)〉 = 〈x|y〉 for x, y ∈ R and ‖f (x) −
I2(x)‖ = δ‖x‖. Of course, I1 and I2 are not phase-equivalent.
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with 0 < ε < 1 then for each s ∈ S := {x ∈E: ‖x‖ = 1} there exists a mapping Is : lin s→
F satisfying the equation∣∣〈Is (x)|Is(y)〉∣∣= |〈x|y〉|, x, y ∈ lin s,
and such that∥∥f (x)− Is(x)∥∥ 2√ε‖x‖, x ∈ lin s.
In [5] the following theorem is proved:
Theorem 4. For an arbitrary δ > 0 there exists an ε > 0 such that for an arbitrary function
f :R2 →R2 satisfying∣∣∣∣〈f (x)|f (y)〉∣∣− |〈x|y〉|∣∣ ε‖x‖‖y‖ for x, y ∈R2 (19)
there exists a function I : R2 →R2 satisfying the Wigner equation∣∣〈I (x)|I (y)〉∣∣= |〈x|y〉| for x, y ∈R2
and such that∥∥f (x)− I (x)∥∥ δ‖x‖ for x ∈R2.
The above result can be also reformulated.
Corollary 2. There exists ε0 > 0 such that for any ε ∈ (0, ε0) if f : R2 → R2 satisfies the
inequality∣∣∣∣〈f (x)|f (y)〉∣∣− |〈x|y〉|∣∣ ε‖x‖‖y‖, x, y ∈R2,
then there exists a mapping I : R2 → R2 satisfying the Wigner equation on R2 and such
that ∥∥f (x)− I (x)∥∥ δ(ε)‖x‖, x ∈R2,
for some function δ : (0, ε0)→R+ satisfying the condition limε→0 δ(ε)= 0.
Unfortunately, we do not have the explicit formula for δ = δ(ε).
Remark 1. The above results can be generalized by replacing the two-dimensional Euclid-
ean space by arbitrary two-dimensional real Hilbert spaces E and F and a mapping
f :E→ F satisfying (). It remains an open problem to extend the assertion of Theorem 4
and Corollary 2 to the n-dimensional case and to prove or disprove its infinite-dimensional
version.
Remark 2. A similar investigation was dealt with in [2]. Instead of () a more restrictive
inequality was considered∣∣∣∣〈f (x)|f (y)〉∣∣− |〈x|y〉|∣∣ εmin{∣∣〈f (x)|f (y)〉∣∣, |〈x|y〉|}. (20)
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x, y ∈R2, (20) there exists a solution of the Wigner equation (W) such that for all x ∈Rn∥∥f (x)− I (x)∥∥ (√(1+ ε)3 − 1)min{‖f (x)‖,‖x‖}.
4. Stability of a conditional Wigner equation
One can consider a conditional version of the Wigner equation. We call it the Wigner
equation on spheres:
‖x‖ = ‖y‖ ⇒ ∣∣〈f (x)|f (y)〉∣∣= |〈x|y〉| for x, y ∈E. (Ws )
Of course, each solution of (W) is a solution of (Ws ) but not conversely. As a counterex-
ample one can consider the Euclidean space E = F =R2 and f :R2 →R2 given by
f (x1, x2) :=
{
(−x2, x1) if x21 + x22 = 1,
(x1, x2) if x21 + x22 = 1
for (x1, x2) ∈R2.
We may also consider the stability problem for the above conditional Wigner equation.
One can consider, for given ε > 0 and p ∈ R, the class of approximate solutions of the
conditional Wigner equation:
‖x‖ = ‖y‖ ⇒ ∣∣∣∣〈f (x)|f (y)〉∣∣− |〈x|y〉|∣∣ ε‖x‖p‖y‖p, x, y ∈Ep. (ps )
Theorem 5. Suppose that E,F are Hilbert spaces for which the Wigner equation is stable
with p = 1, i.e., with some constant k > 0, for any ε > 0 and function f :E→ F satisfying
() there exists a solution I of the Wigner equation (W) such that∥∥f (x)− I (x)∥∥ k√ε‖x‖, x ∈Ep.
Let ε > 0 and p ∈R be fixed. Then for any function f :E→ F satisfying (ps) there exists
I :E→ F satisfying (Ws ) and such that∥∥f (x)− I (x)∥∥ k√ε‖x‖p, x ∈Ep.
Proof. We define g0(x) := 0, x ∈E, and, for r > 0,
gr(x) :=
{ ‖x‖
r
f
(
rx
‖x‖
)
, x = 0,
0, x = 0.
Obviously we have
g‖x‖(x)= f (x), x ∈Ep. (21)
We claim that∣∣∣∣〈gr (x)|gr(y)〉∣∣− |〈x|y〉|∣∣ εr2p−2‖x‖‖y‖, x, y ∈E. (22)
Indeed, for x = 0 or y = 0 the above inequality holds trivially. Assume that x = 0 and
y = 0. Then∥∥∥∥ rx
∥∥∥∥=
∥∥∥∥ ry
∥∥∥∥= r‖x‖ ‖y‖
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∣∣∣∣〈gr (x)|gr(y)〉∣∣− |〈x|y〉|∣∣= ‖x‖
r
‖y‖
r
∣∣∣∣∣
∣∣∣∣
〈
f
(
rx
‖x‖
)∣∣∣f( ry‖y‖
)〉∣∣∣∣−
∣∣∣∣
〈
rx
‖x‖
∣∣∣ ry‖y‖
〉∣∣∣∣
∣∣∣∣∣
 ‖x‖
r
‖y‖
r
εrprp = εr2p−2‖x‖‖y‖.
Applying the assumption of the stability of the Wigner equation we get the existence, for a
given r > 0, of an isometry Ir : E→ F , i.e., a function satisfying∣∣〈Ir (x)|Ir(y)〉∣∣= |〈x|y〉|, x, y ∈E,
and such that∥∥Ir (x)− gr(x)∥∥ k√εrp−1‖x‖, x ∈E.
Now we define
I (x) :=
{
I‖x‖(x), x = 0,
0, x = 0.
Assume that ‖x‖ = ‖y‖ = r > 0; then we have∣∣〈I (x)|I (y)〉∣∣= ∣∣〈Ir (x)|Ir (y)〉∣∣= |〈x|y〉|
and obviously |〈I (0)|I (0)〉| = |〈0|0〉|, i.e., I satisfies (Ws ). Moreover, for x = 0,∥∥f (x)− I (x)∥∥= ∥∥g‖x‖(x)− I‖x‖(x)∥∥ k√ε‖x‖p−1‖x‖ = k√ε‖x‖p
and, for p  0, ‖f (0)− I (0)‖ = 0. ✷
Remark 3. If we, additionally, assume that E,F are Hilbert spaces for which the Wigner
equation is uniquely stable with p = 1 (i.e., the mapping I is unique up to phase-
equivalency) then we can also prove the uniqueness in the case of the stability on spheres.
Indeed, suppose that J :E→ F satisfies the assertion of the theorem, i.e., J satisfies (Ws )
and ‖f (x)− J (x)‖ k√ε‖x‖p for x ∈E. Define (for r > 0)
Jr(x) :=
{ ‖x‖
r
J
(
rx
‖x‖
)
, x = 0,
0, x = 0.
One can check that |〈Jr(x)|Jr(y)〉| = |〈x|y〉| for x, y ∈ E and ‖Jr(x) − gr(x)‖ 
k
√
εrp−1‖x‖ for x ∈ E. Therefore Jr and Ir have to be phase-equivalent, i.e., there ex-
ists a function σ : E → {z ∈ K: |z| = 1} such that Jr(x) = σ(x)Ir (x) for x ∈ E. This
implies J (x)= σ(x)I (x), i.e., the phase-equivalency of J and I .
Remark 4. We do not have the superstability. The function
f (x)=√1+ εI (x),
where I is an arbitrary solution of (Ws ), satisfies (ps ) (with p = 1) but not (Ws ).
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